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Abstract
We investigate the thermodynamics and confinement/deconfinement transition in soft
wall model of QCD with Gauss-Bonnet corrections. The two geometries, charged AdS
black hole and thermally charged AdS are studied with Gauss-Bonnet corrections. The
difference in grand potentials in the two geometries is calculated up to first order in
Gauss-Bonnet coupling. The Gauss-Bonnet coupling modifies the transition temperature
of the system but qualitative features remain unchanged. We plot the chemical potential
versus transition temperature for different values of Gauss-Bonnet couplings. We find
that there exist a point in µ −T plane where lines with different value of Gauss-Bonnet
coupling cross each other. This point may be the onset of the transition from first order
to cross over behavior. We compare our results with the hard wall model.
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1 Introduction
It has been a challenge to study the strongly coupled systems such as Quantum Chromo-
dynamics (QCD) analytically. In particular, the low energy dynamics of QCD exhibit rich
phase structure but there is no hope to solve QCD in this regime by traditional perturba-
tive methods. The lattice methods give many important results about meson and baryon
spectra and phase structure, but require the large amount of computational power. Re-
cently string inspired models are being used to study the low energy QCD and many
interesting features of QCD phase diagram such as chiral symmetry breaking and quark
confinement are captured by these models.
Advent of AdS/CFT correspondence [1–4] has motivated to look for supergravity so-
lutions [5] which can mimic the behaviour of realistic theories such as QCD. Some phe-
nomenological models [6,12] has been developed to understand the low energy dynamics
of QCD and such an approach is dubbed as holographic QCD or AdS/QCD. The dynamics
of operators in the boundary theory is captured by equations of motion of the fields in the
bulk. Phenomena like chiral symmetry breaking and confinement/deconfinement tran-
sition also find their description in terms of dynamics of bulk fields [9–14, 16, 21]. The
spectrum of mesons and baryons can be predicted [6, 12, 15, 25, 26] and seem to agree
with experimental results.
In the simplest model of AdS/QCD, one assumes that the theory can be described
by the five dimensional model living on the slice of the AdS5 or some deformations of
it [6,12,17]. This model, known as hard wall model captures almost all essential features
of QCD however fails to provide linear Regge trajectories of mesons. The hard wall model
has a fixed IR boundary and this boundary is inverse of the QCD scale Λ. An improvement
of the hard wall model, so called as soft wall [7], introduced non dynamical dilaton field
in the bulk action in order to achieve linear Regge trajectories.
In this paper we study the phase structure of QCD in soft wall model with Gauss-
Bonnet corrections in the bulk theory. These corrections correspond to expansion in terms
of square root of inverse t’Hooft coupling in the boundary theory. This is the continuation
of our previous work [22], where it was shown that the transition is of first order. Here,
we introduce a new parameter in the form of Gauss-Bonnet coupling and study the effect
of this parameter on phase structure.
We consider the charged black hole solution of five dimensional Einstein-Maxwell the-
ory with Gauss-Bonnet term and calculate the grand potential in this geometry. Gauss-
Bonnet AdS black hole solution describes the high temperature quark gluon plasma phase
of the holographic dual QCD. The low temperature confined phase is described by ther-
mally charged Gauss-Bonnet AdS geometry. We regularize both the actions by subtracting
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the thermal AdS action and the difference of grand potentials in these two geometries is
used to obtain the transition temperature versus chemical potential graph for the soft
wall model for different values of Gauss-Bonnet coupling.
The increasing value of Gauss-Bonnet coupling modifies the grand potential vs tem-
perature plots but qualitative features of these plots remain unaltered for a wide range of
parameters. The Gauss-Bonnet coupling changes the transition temperature vs chemical
potential plot, but all plots cross each other at a single point. This shows that the chem-
ical potential vs transition temperature plots are independent of Gauss-Bonnet coupling
at this point and this may be a signal of cross over behaviour beyond this point. Our
investigations are done for small values of Gauss-Bonnet coupling and we consider the
leading terms in grand potential.
The paper is organized as follows. In the next section, we consider the black hole
solutions in Einstein-Maxwell theory with Gauss-Bonnet corrections. The AdS black hole
and thermally charged AdS in soft wall model are discussed in subsequent sections. We
discuss confinement/deconfinement transition in section 5 and results are summarized in
last section section 6.
2 Gravitational Solutions
In this section we review the charged black hole solution of Einstein-Maxwell-Gauss-
Bonnet-Gravity in five dimensions with negative cosmological constant [18, 19]. The
Euclidean action for Einstein-Maxwell theory with Gauss-Bonnet term is given by,
S = −
∫
d5x √g
{
1
2κ2
(R−2Λ+αRGB)−
1
4g2
F2
}
, (2.1)
where RGB = R2−4RMNRMN +RMNPQRMNPQ is Gauss-Bonnet term and F2 = FMNFMN is the
field strength of the Maxwell field. The constant κ2 is related to five dimensional Newton’s
constant G5 through relation κ2 = 8piG5 and the cosmological constant is taken as Λ=−6.
In our study, we have taken the radius of AdS space to be one. In the above action,
Einstein’s term provides the major contribution and the Gauss-Bonnet term is sub leading
term, which may affect the grand potential and Hawking-Page transition. The Gauss-
Bonnet corrections are the simplest form of higher derivative corrections to Einstein-
Hilbert action. The more general contribution arises from Lanczos-Lovelock gravity. The
Gauss-Bonnet terms make contributions in the bulk only for dimensions higher than four.
In spacetime dimension dimension less than or equal to four, these terms behaves as
topological terms.
The Euler-Lagrange equations of motion with second order derivatives with Lagrangian
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density L are given by,
∂L
∂gMN
−∂P
[ ∂L
∂P(∂gMN)
]
+∂P∂Q
[ ∂L
∂P∂Q(∂gMN)
]
= 0, (2.2)
which leads to gravitational equations of motion, given by,
GMN +αHMN =
κ2
g2
TMN (2.3)
where,
HMN = 2(RRMN −2RMPR PN −2RPQRMPNQ +R PQRM RNPQR)−
1
2
gMNRGB (2.4a)
GMN = RMN −
1
2
R gMN +Λ gMN (2.4b)
TMN = FPMFPN −
1
4
gMNFPQFPQ (2.4c)
and for the gauge field
1√g∂M(
√
gFMN) = 0. (2.5)
The solution of gauge equation is given as,
At(z) = i(µ−Qz2), (2.6)
where i in front of solution is due to consideration of Euclidean geometry in the study.
The constant µ will be identified as quark chemical potential in the dual QCD and Q is
quark number density and is related to black hole charge. The metric ansatz for GB black
hole is given by,
ds2 = L
2
z2
(
A2 f (z)dt2+ dz
2
f (z) +
3
∑
i=1
dxi2
)
(2.7)
where A2 = 12
(√
1−8α +1
)
. The value of A is fixed in such a way that it can lead to
conformally flat metric at spatial infinity. Using equation of motion, the metric function
f (z) in Einstein-Maxwell-Gauss-Bonnet (EMGB) theory is given by,
f1(z) = 14α (1−
√
1−8α(1−mz4+q2z6) ) (2.8)
which, in the limit α → 0 leads to the metric of AdS RN black hole. Contracting equation
(2.3) with gMN, we get
−3
2
R+5Λ− α
2
RGB = −
κ2
4g2
FabFab. (2.9)
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Using above equation and (2.1), we get the simplified form of action as,
S = −
∫
d5x √g
(−R+4Λ
κ2
)
. (2.10)
This equation shows that the dependence of Gauss-Bonnet coupling, α on action in five
dimensional spacetime is not explicit but through the metric function and Ricci scalar.
To satisfy Einstein’s and Maxwell’s equation of motion, the relation between black
hole charge (q) and quark number density (Q) in EMGB gravity must be written as,
q2 =
2
3
κ2
g2
Q2
A2
. (2.11)
The AdS/QCD correspondence relates five dimensional gravitational constant 2κ2 and
five dimensional coupling constants to the rank of colour gauge group (Nc) and number
of flavours (N f ). These relations, according to [20] are given as,
1
2κ2
=
N2c
8pi2
and
1
2g2
=
NcN f
8pi2
(2.12)
Let z+ is outer horizon, thus f1(z+) = 0. This relation shows that the m and q are
related as,
m =
1
z4+
+q2 z2+. (2.13)
Using this relation, one can write the Hawking temperature of black hole with Gauss-
Bonnet corrections as,
T =
A f ′1(z+)
4pi
=
A
pi z+
(1− 1
2
q2 z6+). (2.14)
Since the solutions of At(z) are regular at the horizon, we impose Dirichlet boundary
condition at the horizon z+ as At(z+) = 0, which leads to the relation Q = µ/z2+. This
relation using with (2.11), gives the relation between black hole charge q and chemical
potential µ as,
q2 = 2κ2µ2/3g2z4+A2. (2.15)
Using above relation and equation (2.14), we get a quadratic equation for z+ as,
1
3A
κ2
g2
µ2 z2++pi T z+−A = 0, (2.16)
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which gives positive solution for horizon as,
z+ =
3Ag2
2κ2µ2


√
4
3
κ2µ2
g2
+pi2T 2−piT

 . (2.17)
This equation shows that the horizon radius depends upon Gauss-Bonnet coupling α
through A.
3 Charged Black hole Solution
The soft wall model of QCD developed in [7]and studied in [8, 22, 24] give prediction
about deconfinement temperature. The soft wall model contains an exponential dilaton
field with IR boundary at infinity. The simplified action in soft wall model with Gauss-
Bonnet corrections written as,
S = −
∫
d5x √g eφ
(−R+4Λ
κ2
)
. (3.1)
where φ is dilaton field given as φ(z) = −cz2. The dilaton field is considered to be non
dynamical, therefore the equation of motion for gauge field remains unchanged.
The action in the high temperature deconfined phase is given by black hole solution
of the EMGB theory;
S = −
∫
d5x √g e−cz2
(
z2 f ′′(z)−8z f ′(z)+20 f (z)+4Λ
κ2
)
. (3.2)
Since the integrals in the above action can not be done analytically, we expand the action
upto first order in Gauss-Bonnet coupling, α and hence our results will be valid for small
values of α. The action up to first order in α is written as,
S1 = −
A
κ2
∫
d5x e
−cz2
z5
[(
2q2z6−4
)
+α
(
24m2z8−120mq2z10 +112q4z12 +8q2z6 +40
)]
= − A
κ2
V3
∫ β1
0
dt
∫ z+
ε
dz e
−cz2
z5
[(
2q2z6−4
)
+α
(
24m2z8−120mq2z10 +112q4z12
+ 8q2z6 +40
)]
(3.3)
where β1 is periodicity of Euclidean spacetime and defined as inverse of Hawking tem-
perature T and V3 is the three dimensional volume. The lower limit is UV cutoff and we
shall be taking the limit as ε → 0 at the end of our calculations. Evaluation of various
5
integrals gives us the form of action as,
S1 =
A V3
κ2
β1[(1−10α)F1(z)+(1+4α)F2(z)+αF3(z)]∣∣∣z+
ε
(3.4)
In above relation, functions F1, F2 andF3 are defined as,
F1(z) =
e−cz
2
z4
(cz2−1)+ c2Ei
(
−cz2
)
F2(z) =
e−cz
2
c
q2
F3(z) = e−cz
2
[
12m2
(
1
c2
+
z2
c
)
−60mq2
(
2
c3
+
2z2
c2
+
z4
c
)
+ 56q4
(
6
c4
+
6z2
c3
+
3z4
c2
+
z6
c
)]
(3.5)
and the exponential integral, Ei is given by Ei(x) =−∫ ∞−x dt e−t/t.
The first term of F1 is divergent in the limit z → 0. This divergent can be removed by
the subtraction of thermal AdS action from that of charged AdS black hole. The thermal
AdS solution with Gauss-Bonnet gravity has the metric function as,
f0 = 14α (1−
√
1−8α). (3.6)
The form of the metric remains unchanged, but f (z) in ((2.7)) is replaced by f0(z). α → 0
limit of this metric corresponds to Euclidean AdS metric. Using this metric function, the
action up to order α for thermal AdS is given by,
S0 = −
A
κ2
∫
d5x(40α−4)e
−cz2
z5
= − A
κ2
V3
∫ β0
0
∫
∞
ε
(40α−4)e−cz2
z5
=
A
κ2
β0V3(1−10α)F1(z)
∣∣∣∞
ε
(3.7)
where β0 is time periodicity of thermal AdS and limx→−∞ F1(x) is zero since exponential
integral Ei(x) is zero in the limit x →−∞.The regularized action for charged AdS black
hole with GB corrections is given by,
¯S1 = lim
ε→0
(S1−S0)
=
AV3
κ2
β1
[
(1−10α)F1(z+)+(1+4α)F2(z+)+αF3(z+)
− (1+4α)F2(0)−α F3(0)+
m
2
−4mα
]
, (3.8)
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where periodicity of two geometries are matched at z = ε using the relation,
β0 = β1
√
f1(ε)
f0(ε) . (3.9)
The last two terms in the expression (3.8) arises from subtraction of F1 terms in both the
geometries and we have considered terms up to order α in the regularization. Taking
limit α → 0, we recover the results of [24]. The grand potential and on-shell action are
related by the thermodynamical relation, Ω = T Sonshell . Thus the difference of grand
potentials per unit volume in the two geometries is given by,
Ω1
V3
=
A
κ2
[
(1−10α)F1(z+)+(1+4α)F2(z+)+αF3(z+)
− (1+4α)F2(0)−α F3(0)+
m
2
−4mα
]
(3.10)
4 Thermally charged AdS Solution
The high temperature phase known as deconfinement phase is charged AdS black hole
and the low temperature phase describing confining phase or hadronic phase is thermally
charges AdS [23,24]. The metric for thermally charged AdS with Gauss -Bonnet terms is
given by,
ds2 = L
2
z2
(
A2 f2(z)dt2+ dz
2
f2(z) +
3
∑
i=1
dxi2
)
(4.1)
with f2(z) = 14α
(
1−
√
1−8α(1+q22z6)
)
,
which in the limit α → 0, corresponds to metric function of thermally charged AdS given
in [23] and asymptotically AdS spacetime. Due to the absence of the horizon in thermally
charged AdS, one need a UV cutoff at z→ 0.
The action for thermally charged AdS up to order α is given by,
S2 = −
A
κ2
∫
d5x e
−cz2
z5
[(
2q22z6−4
)
+α
(
112q42z12 +8q22z6 +40
)]
= − A
κ2
V3
∫ β2
0
dt
∫
∞
ε
dz e
−cz2
z5
[(
2q22z6−4
)
+α
(
112q42z12 +8q22z6 +40
)]
, (4.2)
where β2 is time periodicity of thermally charged AdS. This action on evaluating gives the
final form as,
S2 =
A V3
κ2
β2[(1−10α)F1(z)+(1+4α)F4(z)+αF5(z)]∣∣∣∞
ε
(4.3)
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(a) (b)
Figure 1: Grand potential difference vs temperature for different values of Gauss-Bonnet
coupling in soft wall model, (a) for µ = 50 MeV and (b) for µ = 400 MEV .
where,
F4(z) =
e−cz
2
c
q22, and F5(z) = 56e−cz
2
q42
(
6
c4
+
6z2
c3
+
3z4
c2
+
z6
c
)
. (4.4)
The regularized action for thermally charged AdS is calculated by subtraction of thermal
AdS with Gauss-Bonnet coupling and given by,
¯S2 = lim
ε→0
(S2−S0)
=
A V3
κ2
β2[− (1+4α)F4(0)−α F5(0)], (4.5)
where time periodicity of thermal AdS and thermally charged AdS is related as β0 =
β2
√ f2(ε)
f0(ε) . The the grand potential per unit volume in this geometry is given by,
Ω2
V3
= − A
κ2
[
(1+4α)F4(0)+α F5(0)
]
= − A
κ2
[
q22
c
+4α
(
q22
c
+
84 q42
c4
)]
(4.6)
The grand potential is function of µ, therefore q2 must be function of µ. Let q2 and
µ are related linearly and the relation is q2 = iζ µ, where ζ is unknown constant to be
determined by boundary conditions. This assumption of linearity between q2 and µ is for
zeroth order in α. Using this assumption, we equate the boundary value of action1 to
µNβ2, where N is number of quarks given by relation N = −∂Ω2/∂ µ. Thus the value of
1using Dirichlet boundary conditions at UV boundary gives free energy from Legendre transformation
of grand potential [23,24].
8
(a) (b)
Figure 2: Grand potential difference vs temperature for different values of Gauss-Bonnet
couplingl in hard wall model, (a) µ = 50 MeV and (b) µ = 400 MeV .
q2 is given by equation,
q2 =
√
3
2
κ
g
c µ
A
. (4.7)
5 Confinement/deconfinement transition
To study the confinement/deconfinement transition, we take the difference of the actions
(or grand potentials) of two geometries. The confinement/deconfinement transition is
studied via Hawking-Page transition. Here we study the dependence of grand potential on
Gauss-Bonnet coupling α. Our analysis is valid for small value of quark chemical potential
since at large values of chemical potential,the effect of back reaction must be considered.
We done analysis for different values of α, starting two percentage of maximum value
with negative sign.
The difference in grand potential is given by,
∆Ω
V3
=
Ω1−Ω2
V3
=
A
κ2
[
(1−10α)F1(z+)+(1+4α)F2(z+)+αF3(z+)− (1+4α)F2(0)−α F3(0)
+
m
2
−4mα +(1+4α)F4(0)+α F5(0)
]
(5.1)
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(a) Soft wall model. (b) Hard wall model.
Figure 3: Transition temperature vs chemical potential for different values of Gauss-
Bonnet coupling α.
where various functions are summarized as,
F1(z) =
e−cz
2
z4
(cz2−1)+ c2Ei
(
−cz2
)
F2(z) =
e−cz
2
c
q2
F3(z) = e−cz
2
[
12m2
(
1
c2
+
z2
c
)
−60mq2
(
2
c3
+
2z2
c2
+
z4
c
)
+56q4
(
6
c4
+
6z2
c3
+
3z4
c2
+
z6
c
)]
F4(z) =
e−cz
2
c
q22
F5(z) = 56e−cz
2
q42
(
6
c4
+
6z2
c3
+
3z4
c2
+
z6
c
)
and charges in both the geometries as,
q =
√
2
3
κ
g
µ
z2+ A
, and q2 =
√
3
2
κ
g
c µ
A
The plots of grand potential difference vs temperature for different values of chemical po-
tential and Gauss-Bonnet coupling are shown in Figure 1. From the bpth plots in Figure 1,
it is evident that variation of Gauss-Bonnet coupling α has weak dependence on the grand
potential of the system. Graphs of Figure 1 are plotted for N f = 2 an Nc = 3.
The transition temperature vs chemical potential N f = 2 an Nc = 3 and for different
values of GB couplings are plotted in Figure 3. Graphs in 3(a) shows that all curves
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(a) (b)
Figure 4: Transition temperature vs chemical potential for different values of N f /Nc in
soft wall model, (a) for α =−0.0025. and (b) for α → 0.
for different values of GB coupling, merge at a single point and 3(b) shows transition
temperature vs chemical potential plot in hard wall model.
In Figure 4, transition temperature vs chemical potential pots are given for different
values of α with varying N f /Nc ratio. All these curves shows that the increasing value
of N f /Nc ratio, shifts the curves towards the lower value of chemical potential. The plot
4(b) these N f /Nc curves in the α → 0 limit.
To compare our results with hard wall model, we evaluate action (2.10). The grand
potential difference in hard wall model with Gauss-Bonnet corrections are given as,
∆Ω
V3
=
Ω1−Ω2
V3
(5.2)
where
Ω1
V3
= A
(
−1+
√
1−8α
)√
1−8α
(
q2z6H +1
)
2
(
8α +
√
1−8α−1
)
κ2z4H
Ω1
V3
= −A
8α
(
3
√
1−8α
(
q21 z
6
IR +1
)
−2q21 z6IR−5
)
−5
√
1−8α
(
q21 z
6
IR +1
)
+5
4 α κ2 z4IR
√
1−8α
(
q21 z
6
IR +1
) (5.3)
The free energy vs temperature plots in hard wall model with Gauss-Bonnet corrections
are given in Figure 2. In above equation, we have used values of A, q, q1 and zH as used
in soft wall model and the value of IR cutoff zIR = 1/(323 MEV ) [6].
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6 Summary
We have studies the effects of Gauss-Bonnet coupling on the deconfinement transition in
soft wall model of AdS/QCD. The Gauss-Bonnet terms are higher derivative corrections
and are related to expansion in inverse powers of square root of ‘t Hooft coupling constant
λ . The dependence of grand potential on Gauss-Bonnet coupling constant is weak for
small values of chemical potential but as the chemical potential increases, the dependence
of grand potential difference on Gauss-Bonnet coupling is significant. This is in contrast
to hard wall model where this dependence is weak for all values of the chemical potential.
The Gauss-Bonnet coupling alters the transition temperature but qualitative features of
the transition remain the same for a large range of parameters.
The chemical potential vs transition temperature plots are obtained for small values
of Gauss-Bonnet coupling. There exist a point in µ−T plane where curves with different
values of Gauss-Bonnet coupling meet at one point as shown in Figure 3. This point is
independent of Gauss-Bonnet coupling (or ‘t Hooft coupling constant) and we believe
that this may be a signature of cross over behavior as we approach from higher chemical
potential to lower one. This is true for both soft wall and hard wall models.
Our analysis is valid for small values of Gauss-Bonnet coupling in soft wall model and
it would be interesting to see the dependence of transition temperature for all values
of Gauss-Bonnet coupling. The integrals involved in soft wall model with Gauss-Bonnet
term are nearly impossible to do analytically, therefore one have to use some numerical
techniques to get a better understanding of the effect of general value of Gauss-Bonnet
coupling.
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